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Abstract
This study investigated the feasibility of surface deformation sensing of a
membrane mirror using only embedded PVDF sensors. Results were compared to
measured deformations using a scanning laser vibrometer. The frequency
response function (FRF) was measured based on recorded voltages of a singlelayer 7-sensor mirror actuated externally from the embedded PVDF actuators.
Additionally, a two-layer, 7-sensor, 7-actuator membrane mirror was constructed
for use, with one layer acting as the sensing layer and the other acting as the
actuation layer. The measured FRF for this mirror was compared to previous
results.

Finally a single-layer 61-sensor PVDF mirror was constructed to

experimentally investigate the practicality of denser sensor/actuators patterns.
Experimental results for all configurations are presented.
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I. Introduction
1.1 Overview
Imaging from space has recently become a vital element of the United States' war
fighting plan. Our military relies on satellite imagery now more than at any other time in our
history. It is because of this that it is vital to maintain a premier satellite imaging architecture.
One way to assure this is through the development of large aperture space telescopes. The
resolution of a satellite imaging system is directly proportional to the diameter of the aperture
that collects the light for the telescope. The aperture for most space telescopes consists of a large
primary mirror. This mirror is traditionally constructed from polished glass. This has led to the
belief that any increase in resolution will carry with it a significant increase in weight.
Recent research has been conducted into making these large mirrors lighter weight. The
methods involved include changing the material that is used to construct large mirrors or
manufacturing a deployable mirror using a thin-film membrane-like material. One problem
associated with the thin-film membrane mirror is the difficulty in controlling it to a certain shape
once it is deployed. Mirrors used for optical imaging must have surface aberrations less than a
fraction of the wavelength of the light that is being used for imaging. Visible light has a
wavelength between 400-700 nm. This means that the mirrors surface must be controlled to the
tenth of a micron level. To do this, two things are needed. First, a method of sensing the surface
deflections is required. Second, a method of actuating the surface needs to be developed. There
are a number of promising materials with which both of these can be accomplished.
Piezoelectric materials exhibit a property whereby they expand when a voltage is applied
and also produce a voltage when they are stretched. This property is very useful in developing
control systems for membrane mirrors. A mirror that can be manufactured from a piezoelectric

1

material will be able to sense movement (strain) of its surface. Also, control can be achieved by
applying a voltage to actuators built into the mirror. The development of large aperture mirrors
for space telescopes requires more advanced research into the use of these piezoelectric
membrane materials. With advancements in the fields of manufacturing, control methodology,
and optical design, large aperture membrane mirrors will one day be possible.

1.2 Scope
Previous research efforts at the Air Force Institute of Technology have been successful in
proving the validity of using piezoelectric materials for the construction of thin-film membrane
mirrors (14, 17). The specific material used was Polyvinal Diflouride (PVDF). This research
involved etching control patterns of 7 patches into the PVDF and applying a voltage to
individual patches to show a static displacement. Additional research developed a data
acquisition system to measure the surface of the mirror in real-time in order to characterize the
dynamic actuation of the mirror (17). These efforts all utilized a Shack-Hartmann wave-front
sensor in order to measure the deflection of the mirror. This present research endeavors to
measure the surface deformation using only the PVDF material without the aid of the wave-front
sensor.
A two-layer mirror was constructed so that one layer could be used for sensing and the
second could be used for actuation. This enables the eventual control system to be self-contained
which would be preferred in a space application. It would be impractical to launch a wave-front
sensor with a satellite, to be used in the control system. This research attempts to demonstrate
the viability of the PVDF as a sensing device. A modal analysis of the mirror using the patches
as sensors was done and compared to modal analyses done with other sensing methods.
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The scope of this research is also expanded to involve new manufacturing methods of
developing mirrors with a large number of actuators. If the PVDF will be used for sensing the
surface as well as actuating, a larger number of patches need to be etched on the surface so that
the number of sensors used per surface area will be greater than what has previously been used in
research at AFIT. The previous research efforts used a method of hand drawing control patches
onto the PVDF and were only able to etch 7 patches. This research demonstrates a method of
achieving a 61-patch mirror, which can be used for both sensing and actuation.

1.3 Problem
One concern with previous research efforts was its applicability to space systems. As
mentioned previously it would be impractical to take a wave-front sensor into orbit to be used in
the control system. Therefore the primary focus of this research is to develop a method of
sensing the surface deflection that would be more applicable to spacecraft on orbit. One way to
do this would be with sensors embedded within the structure of the mirror itself. This is possible
using the piezoelectric characteristics of the PVDF.
A secondary concern, which was brought up as a result of the development of the
embedded sensing method, is the need for more than 7 actuators/sensors. Previously these
patches had been etched onto the PVDF by hand making it very unrepeatable as well as limiting
the amount of patches that could be used. It is very difficult to get precise control of a surface
with only 7 patches over a 6-in diameter circle. Therefore a secondary focus of this research
involves developing a method of etching a control pattern that contains a significant number of
patches. The number of patches chosen for this research was 61 over a 2-in diameter circle in
order to enable comparison with a commercially available deformable mirror.
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These newly developed methods, if successful, will allow for a more controllable surface
without the need for additional equipment. These methods are more applicable to space systems
and will be useful to future research efforts that will take place.

1.4 Summary of Thesis
The first chapter provides a brief overview of the subject of this research effort. The
scope of the research is provided as well as a formulation of the problem that is being
investigated.
The second chapter provides a review of some of the relevant research that has been
accomplished in this field of study. This is intended to give the reader a better background to the
issues being discussed and in no way constitutes an exhaustive list of all research being
conducted.
The third chapter discusses the new sensing method that was developed. This includes a
description of how the test subject was manufactured as well as describing the testing that was
done and the results achieved. Finally, the modal analysis is discussed and conclusions are
drawn.
The fourth chapter provides an extensive description of development of the 61-patch
mirror. It describes the design of the control pattern and the process used to etch the surface.
Finally, information of tensioning and mounting the mirror is given.
The fifth chapter describes the testing method that was used on the 61-patch mirror. The
test setup is given and the results are discussed. The final chapter gives the conclusions of all the
tests conducted. It also outlines areas in which future study would be beneficial.
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II. Review of Relevant Literature

2.1 Overview
There is a significant amount of research being conducted in the area of deformable
mirror technology. Much of this research is focusing on decreasing the areal density of the
mirror itself. Areal density is a measurement of mass per surface area and is a good indicator of
how large of a mirror can be put into orbit. Mirrors with low areal density have a very low mass,
a very large surface area, or some combination of both of these factors. In order to achieve this,
researchers are focusing on using materials that can be folded or rolled and then deployed once
the system is on orbit.
Folding or rolling materials that will eventually be used as a mirror introduces a number
of potential errors in the resulting image. A small deviation from the ideal surface can create
aberrations that will drastically decrease the utility of the image. This is evident from the images
taken by the Hubble Space telescope before and after the COSTAR package was installed (7).
Figure 1 shows a comparison between an image taken before the correction was installed to an
image taken after the correction was installed.

Figure 1: Comparison of Hubble Images Before (left) and After (right) COSTAR (7)
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Abberations such as this can be introduced into a system upon deployment and during normal
operations. It is because of this that active control is needed to maintain the surface shape of the
mirror.
Research of control systems has focused on two different aspects. These two aspects are
both essential to the final control solution. The first of these aspects is a method of sensing the
deformation of the mirror surface. This must be a method that can be conducted on orbit so that
displacement information can be fed back to the controller. The second aspect is a method of
actuating the surface in order to achieve the desired shape.

2.2 Deformable membrane-like structures

2.2.1 Sensing Schemes
A number of different methods of sensing the mirror surface have been tried. Research at
AFIT has made use of a Shack-Hartmann wave-front sensor in order to detect movement of the
mirror surface. This sensor divides the entire mirror surface into sub-apertures. It then uses a
laser to focus a light on each of these sub-apertures. As the surface deforms this focus point
moves from its original location. The sensor then measures the new locations of each of these
focus points and then calculates a gradient for each of the sub-apertures. Computer algorithms
can then be used to compute surface deformations, optical path difference, Zernike polynomials,
or a number of other methods for describing the surface.
Researchers at the Universite Denis-Diderot in Paris are also using a Shack-Hartmann
wave-front sensor with a deformable mirror in order to image the human eye (4). ShackHartmann sensing will give a very accurate portrayal of the surface but is unrealistic when
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considered for use in space. The primary reason for this is the extent of the setup required for the
equipment to work properly. As can be seen from Figure 2 and Figure 3 there is a significant
amount of equipment needed which would be unfeasible to put on a spacecraft in orbit.

Figure 2: Layout of Wave-front Sensing Setup at AFIT
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Figure 3: Layout of Wave-front Sensing Setup used at Universite Denis-Dederot (4)

Researchers in an article published in Applied Optics (1), demonstrated two different
methods of characterizing the surface of a deformable mirror without the use of a wave-front
sensor. The first of these methods involves the use of a wave-front generator and a single photo
detector. An iterative approach is used to train the mirror to adapt to variations in the wavefront. Figure 4 shows the setup of this method.
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Figure 4: Setup of Wave-front Generator Method (1)

This method computes a matrix relating the control signals required to a modal basis, usually
Zernike polynomials. The signal going in to the photo detector (APD) is measured and an
iterative process is used to calculate the required control signal to maximize this signal. The
result is a matrix that relates the control signal to the Zernike polynomials that describe the
wave-front (1). This method would likely not hold up in a space application either because of
the data required as well as the time required to do the iterations. This method has no apparent
advantages over Shack-Hartmann sensing.
The second method proposed by these researchers is one that utilizes an interferometer
and fringe pattern analysis. Figure 5 shows the setup of the optical train of this method.
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Figure 5: Setup of the Interferometer Method (1)

This method places the deformable mirror in one arm of a Twyman-Green interferometer. The
data from the interferometer is then analyzed using fringe pattern analysis and phase
unwrapping. The phase introduced by the deformable mirror is contained entirely within the
fringe pattern measured by the interferometer. Once this phase is determined a control scheme is
fairly straight forward and can be calculated using a number of different basis sets (1). This
method shows much promise for space applications. The optical path is relatively simple and
interferometers are used already in some space applications. This also does not require a
reference light source such as the wave-front sensor and the wave-front generator methods do.
Further research on this method is required to demonstrate its applicability to space systems.

2.2.2 Actuation Schemes
There have been many significant contributions by researchers to the area of actuating
deformable mirrors. Vdovin, Loktev, and Simonov, from OKO technologies in the Netherlands,
10

have summarized these various actuation schemes. The first of the actuation schemes mentioned
by these authors is a deformable substrate. This design consists of a base substrate with discrete
axial actuators attached to it. Attached to the actuators is a deformable substrate. Each of the
actuators is able to act independently and push or pull the deformable substrate in order to
achieve out of plane motion (18).
The second method of actuation is the bimorph design. This design consists of two
sheets of piezoelectric material, bonded together and bonded to a membrane-like structure that
will act as the mirror. The sheets are aligned such that when a voltage is applied to the
piezoelectric material one of the sheets stretches and the other contracts thus creating a bending
motion. This bending motion then results in an out-of-plane displacement for the mirror surface
(18). A variation on this design is the unimorph mirror, which has been the subject of research at
AFIT. This mirror uses the same concept as the bimorph mirror only with one layer of
piezoelectric material. The out-of-plane motion is achieved because the piezoelectric material is
bonded to a silicon substrate, which does not move with applied voltage. Thus, the voltage
creates bending with just one layer of piezo-electric material. This technique is also being used
at the Jet Propulsion Laboratory, shown in Figure 6.
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Figure 6: Design of a Unimorph System (21)

The design used by the Jet Propulsion Laboratory has the inherent disadvantage of the rigid
support structure, as shown in Figure 6. This would cause the mirror to have a much higher areal
density.
Another design for actuation of deformable mirrors is a membrane bonded to electrostatic
actuators embedded in a dielectric substrate. These electrostatic actuators expand and contract
based on voltages applied through the dielectric substrate (18).
Two other interesting designs are the segmented mirror design and the liquid crystal
design. The segmented mirror consists of a large number of small tip, tilt, and piston actuators
are arranged in a pattern to make up the entire mirror surface. These actuators are then
individually controlled in order to control the surface of the mirror. The follow up to Hubble, the
James Webb Space Telescope, uses this type of design. The liquid crystal design consists of a
number of liquid crystal modules oriented in such a way that the phase of light passing through
them can be controlled via applied electric fields. This design does not modify the mirror
surface at all but merely modifies the phase of the incident electro-magnetic field (18).
12

These are just a few of the various methods of actuating membrane mirrors. Research
has been done in a number of areas including actuating the surface with an electron gun (10) as
well as control of liquid based deformable mirrors through electrocapillary actuation (19). Many
of these designs are not applicable to space applications. For instance, the methods that require a
solid substrate are not applicable for large diameter mirrors because they cannot be folded for
launch. Any methods that require exterior devices such as the electron gun to actuate the surface
may not achieve the desired low areal densities due to the requirement for additional actuating
equipment. The designs that apply well to space situations are the unimorph/bimorph design and
the segmented mirror design. The unimorph/bimorph design is the focus of this research.
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III. Development of Sensing Method

3.1 Overview
The primary focus of the research was to develop a new method of sensing the
deformation of the mirror's surface. The method explored was to use a two-layer PVDF
approach with one layer used for sensing and one layer used for actuation. The first step in this
process was to fabricate a two-layer mirror. The testing of this mirror consisted of measuring the
frequency response function in order to determine a state-space realization for the system, with
the voltage on one layer for the input and the voltage on the other layer for the output. The goal
was to use a state-space realization combined with a method to convert output voltage to Zernike
coefficients in order to implement a control scheme. Figure 7 shows a diagram of a possible
control system with the efforts of this research highlighted.

Figure 7: Possible Control System for Deformable Mirror

This control system assumes that the function ‘z’ is able to map the output voltages into the true
Zernike Polynomial coefficients. This will only be the case if there are enough actuator/sensor
pairs to accurately represent each Zernike Polynomial and if the equations of motion that govern
the mirror as well as the equation that converts voltage to displacement are accurate. In the
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following sections it is assumed that this is the case. The areas where this assumption breaks
down are identified and discussed.

3.2 Theoretical Development
The frequency response function (FRF) is defined as the Fourier transform of the impulse
response function. With the impulse response function it is possible to develop a model for the
system that will give the correct representation of the input/output relationship. This is necessary
in order to develop a valid control scheme. After a state-space realization is achieved it is
necessary to convert the output voltages to displacements. To do this, one must solve the
governing differential equation. Finally, once the displacements are obtained, they can be easily
converted to Zernike polynomials. Figure 8 shows a diagram of the theoretical development of
this research effort with the key equations highlighted. The full theoretical development is given
in the following sections.

Figure 8: Flowchart Depicting Theoretical Development
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3.2.1 FRF Development
Please note that the following derivation closely follows the notes given by Dr. Richard
Cobb (2). Consider a system in which the output and the input can be measured, but the systems
itself is unknown. The output of such a system to an arbitrary input would be given by the
convolution of the impulse response function with the input to the system (Eq 1).
t

y (t ) = ∫ h(ξ ) x(t − ξ )dξ

(1)

0

Also, the frequency response function (FRF) of the system is defined as the Fourier transform of
the impulse response function, h(t).

H (ω ) = ℑ{h(t )} =

∞

∫ h (t ) e

− iω t

dt

(2)

−∞

The input autocorrelation is defined in terms of expected values as the following:

Rxx (τ ) = E[ x(t ) x(t + τ )]

(3)

And the cross-correlation between the output and the input of this system is defined as follows:

Rxy (τ ) = E[ x(t ) y (t + τ )]

(4)

These correlations are also defined in terms of the inverse Fourier transforms of the auto power
spectral density, Sxx, and cross power spectral density, Syy, respectively (see Eq 5).

S xx (ω ) = ℑ{Rxx (τ )}
S xy (ω ) = ℑ{Rxy (τ )}
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(5)

Now, returning to the linear system previously discussed, consider the response of the system to
an input x(t+τ) and its corresponding cross-correlation.

y (t + τ ) =

∞

∫ h(ξ ) x(t + τ − ξ )dξ

−∞

⎡
Rxy (τ ) = E ⎢ x(t )
⎣⎢

⎤
+
−
h
(
ξ
)
x
(
t
τ
ξ
)
d
ξ
⎥
∫
−∞
⎦⎥
∞

(6)

Because x(t) is not a function of ξ the expectation operator can be moved to the inside of the
integral so that the cross-correlation can be written as the following:

Rxy (τ ) =

∞

∫ h(ξ ) E[ x(t )

x(t + τ − ξ )]dξ

(7)

−∞

Now, substituting the previous value given for the autocorrelation, the cross-correlation can be
written as the convolution of the impulse response function and the autocorrelation.
∞

Rxy (τ ) =

∫ h(ξ ) R

xx

(τ − ξ )dξ

(8)

−∞

Finally, use the property of Fourier transforms which states the convolution of signals in the time
domain is equal to multiplication of signals in the frequency domain. This reduces Equation 8 to
a multiplication of the FRF and the auto power spectral density. So the FRF can be written as
the ratio of the cross power spectral density to the auto power spectral density (see Eq 9).

S xy (ω ) = H (ω ) S xx (ω )
H (ω ) =

S xy (ω )

(9)

S xx (ω )

By applying this to the system in question (deformable mirror), one can see that this will give a
transfer function that will relate voltage put into the system (via the acoustic source or the
patches) to the voltage measured on each of the patches.
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3.2.2 State Space Realization
The next step is to convert this transfer function into a state space realization. This can
be done as well by closely following notes given by Cobb (2). The method used is called
Eigensystem Realization Algorithm (ERA). A discrete representation of a state space system
yields the following output for a discrete pulse input (i.e. f=[1,0,0,0,…..]')

y (k ) = [C ]{BD }col1ofB , k = 0
y (k ) = [C ][ AD ]k −1 [ BD ]

(10)

where C, BD, and AD are the discrete representations of the state space matrices. Now define the
Hankel matrix as follows:
⎡ y (k )
⎢ y (k + 1)
⎢
[ H (k − 1)] = ⎢ y (k + 2)
⎢
#
⎢
⎢⎣ y ( k + nr )

y (k + 1)
y (k + 2)
y (k + 3)
"

y (k + 2) "
y ( k + nc ) ⎤
⎥
y (k + 3)
#
⎥
⎥
y (k + 4)
#
⎥
%
#
⎥
"
" y (k + nr + nc )⎥⎦

(11)

The variables nr and nc are arbitrary integers that satisfy the following relationships:
pnr ≥ 2 N
qnc ≥ 2 N
where
p = # outputs, q = # inputs, N = # peaks

(12)

By substituting the previous definition of y(k) into Equation 11 the result shown in Equation 13
is obtained.
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[ H (k )] = [Q][ AD ]k [W ]
where
⎡ C ⎤
⎢ CA ⎥
D ⎥
[Q] = ⎢
⎢ # ⎥
⎢ nr −1 ⎥
⎣CAD ⎦
[W ] = BD AD BD " ADnc −1

[

(13)

]

[H(k)] is a known quantity populated by finding y(k), which is the inverse Fourier transform of
the FRF calculated in the previous section. The unknowns are the three state space matrices.
The algorithm used calculates these matrices from the Hankel matrix. Recalling Equation 13, the
Hankel matrix for k=0 can be written as [H(0)]=[Q][W] since an exponent of zero on the center
matrix turns it to the identity matrix. Now, singular value decomposition (SVD) is used on H(0)
in order to turn it into a product of three matrices.
1

1

[ H (0)] = [Q][W ] = [U ][Σ][V ]T = [U ][Σ] 2 [Σ] 2 [V ]T
1
2

1
2

(14)

∴[Q] = [U ][Σ] , [W ] = [Σ] [V ]T
Note that [Σ] is a diagonal matrix and [U] and [V] are unitary matrices. Therefore the same
approach can be used with [H(1)] to solve for [AD].
1

1

[ H (1)] = [Q][ AD ][W ] = [U ][Σ] 2 [ AD ][Σ] 2 [V ]T
−1
2

[ AD ] = [Σ] [U ]T [ H (1)][V ][Σ]

−1
2

Going back to equation 10, y(1) is defined as [C][BD] for k=1. Equation 16 shows another
representation for y(1), which leads to a method for solving for [C] and [BD].
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(15)

[

y (1) = I p

⎡ y (1)
⎢ y (2)
0 0 "⎢
⎢ y (3)
⎢
⎣ #

y (2)
y (3)
y (4)

]

#

y (3) "⎤ ⎡ I q ⎤
y (4) "⎥⎥ ⎢⎢ 0 ⎥⎥
= [ E p ]T [ H (0)][ E q ]
⎥
⎢
⎥
y (5) " 0
⎥⎢ ⎥
#
%⎦ ⎣ # ⎦

(16)

In this equation, [Ip] is defined as an identity matrix with the number of outputs as the number of
columns and rows and [Iq] is defined as an identity matrix with the number of inputs as the
number of columns and rows. Now, [BD] and [C] can be found through Equation 17.
1

1

y (1) = [C ][ BD ] = [ E p ]T [ H (0)][ E q ] = [ E p ]T [U ][Σ] 2 [Σ] 2 [V ]T [ E q ]
∴ [C ] = [ E p ] [U ][Σ]
T

1
2

1
2

(17)

& [ BD ] = [Σ] [V ] [ E q ]
T

Keep in mind that these state space matrices are for the discrete system. They will need to be
converted back to the continuous domain through the use of a discrete to continuous converter
such as the one available in Matlab.

3.2.3 Determining Zernike Shapes from Output Voltage
The state space realization given in the previous section gives an output of voltage on
each of the patches. This output will be based on the movement of the mirror for the open loop
case or a combination of the mirror's movement and the deformation caused by the input signals
for the closed loop case. In some instances it may be desirable to report the output, not in
voltages, but in some kind of mode-shape of the mirror itself. This allows for the control system
to command a certain mode shape and have the mirror conform to that shape. For this research,
the mode-shapes that were chosen are the Zernike polynomials. These are a basis set of
orthogonal functions often used in the field of optics to describe the phase of a wave-front. The
process to convert the voltage read by the sensor to Zernike coefficients is to solve the

20

differential equation governing the surface of the mirror to get displacement from voltage, and
then to convert this displacement to Zernike coefficients.
During the course of this research it was discovered that two different equations are given
for the displacement of the surface of the mirror due to voltage across the PVDF material. The
first of these is given by Ellis (3) and alternatively by Vdovin, Loktev and Simonov (18) as the
following:
∇ 4 w( x, y ) = λ∇ 2V ( x, y )
where
6(1 + υ )d 31e1t1t 2
λ=
2
2
2
2
e2 t 2 (3t1 + t 2 ) + e1t1 (t1 + 3t 2 )

(18)

This equation is commonly known as the bi-harmonic equation and is the static equation that
governs the motion of a plate. The values in the constant, λ, are defined in terms of the physical
properties of the material in use. Table 1 defines the variables used in this constant and what
physical properties they represent.
Table 1: Physical Properties of Material (10)

Variable
υ
d31
e1
e2
t1
t2

Physical Property
Poisson's Ratio
Piezoelectric constant of material
Young's modulus of PVDF layer
Young's modulus of substrate layer
Thickness of PVDF layer
Thickness of substrate layer

Value
0.3
23e-12 (m/m)/(V/m)
4000e6 N/m^2
1.013e6 N/m^2
52e-6 m
0.0015 m

Because the material in question is non-isotropic, the Piezoelectric constant in one Cartesian
direction (d31) is not equal to the Piezoelectric constant in the other Cartesian direction (d32).
However, for the purpose of this analysis, these two values were assumed to be the same.
The second of these equations is given by Shepherd (12) and is reproduced in Equation
19.
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T∇ 2 w(r , θ ) =

E d 31 ⎛ − h ⎞ J
⎜
⎟∑ Vi Fi (r ,θ )
1 − ν t ⎝ 2 ⎠ i =1

(19)

This equation is referred to as the membrane equation and it gives the static results for a
membrane under tension.
Because of the discrepancies between these two equations the focus of this research was
shifted to determining which of the two equations best fit the experimental data. The method
that was utilized was to do a modal analysis of the dynamic versions of these equations and
compare to the experimental data. The predicted natural frequencies of the mirror can be found
using the homogenous differential equation. For the plate equation this is given as the following,
C1∇ 4 w(r , θ , t ) − C 2 w ( 4 ) (r , θ , t ) = 0

(20)

where C1 and C2 are arbitrary constants that can be solved for by applying the boundary
conditions and the ‘(4)’ superscript refers to the fourth time derivative. In order to solve for the
natural frequencies, assume separation of variables.

w(r , θ , t ) = W (r , θ )e jωnt

(21)

Substitute this value into equation 20 and solve for the differential equation in terms of r and θ
only.
C1 e jωnt ∇ 4W (r , θ ) − C 2 ω n e jωnt W (r , θ ) = 0

(22)

⎞
⎛
C
4
e jωnt ⎜⎜ ∇ 4W (r ,θ ) − 2 ω n W (r ,θ ) ⎟⎟ = 0
C1
⎠
⎝

(23)

∇ 4W (r ,θ ) − λW (r , θ ) = 0
C
λ = 2 ωn 4
C1

(24)

4
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Equation 24 has an eigenvalue solution (with zero boundary conditions) given by Polyanin (12).
This can be written in terms of the zeros of the Bessel functions of the first kind and the modified
Bessel functions of the first kind.

λ mn =

β mn 4
R4

′
′
where, J n ( β ) I n ( β ) − I n ( β ) J n ( β ) = 0

(25)

In this equation the ‘J’ function is the Bessel function of the first kind and the ‘I’ function is the
modified Bessel function of the first kind. The ‘R’ in equation 25 is the radius of the mirror.
Recall, from equation 24, lambda is a function of the natural frequency. Using this, one can
solve for natural frequency in terms of β.
C 2 4 β mn
ωn = 4
C1
R

ω mn = 4

4

(26)

C1 β mn
= kβ mn
C2 R

(27)

Table 2 gives numerical values for beta.
Table 2: Numerical Values of Beta

m\n
0
1
2
3

1
3.196
4.611
5.906
7.144

2
6.306
7.799
9.197
10.54

3
9.439
10.96
12.40
13.79

4
12.58
14.11
15.58
17.01

The method used to predict the values of ωmn was to set the first measured value equal to the first
predicted frequency in order to find the constant ‘k’. This value was then used to calculate all
the other frequencies.

ω 01

meas

k=

= kβ 01

ω 01

meas

β 01
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(28)

By using this method all of the predicted natural frequencies corresponding to the values of beta
can be calculated. These are given in Table 3.
Table 3: Predicted Natural Frequencies from Plate Equation (Hz)

m\n
0
1
2
3

1
76
109.65
140.44
169.88

2
149.95
185.46
218.70
250.64

3
224.46
260.67
294.87
327.92

4
299.15
335.53
370.49
404.49

In addition to the natural frequencies, equation 24 can be used to predict the vibrational mode
shapes corresponding to those natural frequencies. Polyanin (12) gives the solutions to the mode
shapes as the following in terms of a sine component and a cosine component.
⎡
r⎞
r ⎞⎤
⎛
⎛
(c)
Wmn
(r , θ ) = ⎢ I m ( β mn ) J m ⎜ β mn ⎟ − J m ( β mn ) I m ⎜ β mn ⎟⎥ cos(mθ )
R⎠
R ⎠⎦
⎝
⎝
⎣
⎡
r⎞
r ⎞⎤
⎛
⎛
(c)
Wmn
(r , θ ) = ⎢ I m ( β mn ) J m ⎜ β mn ⎟ − J m ( β mn ) I m ⎜ β mn ⎟⎥ sin( mθ )
R ⎠⎦
R⎠
⎝
⎝
⎣

(29)

The solution for the full mode shape can be found by adding these two together. This has been
done for the values of beta given previously and the results are displayed below.
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Figure 9: Mode Shapes from Plate Equation (m=0)

Figure 10: Mode Shapes from Plate Equation (m=1)
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Figure 11: Mode Shapes from Plate Equation (m=2)

Figure 12: Mode Shapes from Plate Equation (m=3)
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The method for predicting natural frequencies and vibrational mode shapes from the
membrane equation is very similar to the previous method. It is also outlined in Trad (17) and so
will not be covered in detail here. The predicted natural frequencies are given in Table 4.
Table 4: Predicted Natural Frequencies from Membrane Equation

m\n
0
1
2
3

1
76
121.10
162.30
201.63

2
174.45
221.71
266.01
308.48

3
273.50
321.50
367.23
411.32

4
372.64
421.09
467.61
512.74

The predicted vibrational mode shapes are given in Figure 13 through

Figure 16.

Figure 13: Mode Shapes from Membrane Equation (m=0)
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Figure 14: Mode Shapes from Membrane Equation (m=1)

Figure 15: Mode Shapes from Membrane Equation (m=2)
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Figure 16: Mode Shapes from Membrane Equation (m=3)

3.3 Fabrication

Fabrication for the two-layer mirror followed closely with the process outlined by Trad
(17). First, two 14 in long pieces of PVDF material were cut. The positive side and the one1
direction were marked on each of these pieces. The 7-electrode pattern was then drawn by hand
onto the positive surface of each of the two pieces. Great care was taken to ensure that the
pattern was in the same location and orientation between the two sheets of material. First, the
center of one sheet was found. The pattern stencil was taped down so that its center lined up

1

The one direction of the material refers to the direction in which the fibers in the material lie.
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with the center of the PVDF piece. Next, the edges of the pattern stencil were marked with a
permanent marker. The distance from the edge of the pattern stencil to the edge of the PVDF
material was measured and recorded. After the pattern was drawn onto the PVDF material, the
pattern stencil was removed and the previously recorded dimensions were used to mark the place
where the pattern stencil was to be taped to the second piece of PVDF material. The pattern was
then drawn onto the second piece of material.
The next step in the process was to etch the pattern onto the material using ferric
chloride. This was applied with a cotton ball for large areas and with a cotton swab for more
detailed work. The area over the entire pattern was coated with the ferric chloride, and then it
was washed with water. At this point, one of the pieces was chosen to be the sensor and one was
chosen to be the actuator. The sensor was marked with a small "s" in the corner in order to
distinguish it. The pieces were then turned over to the negative side and ferric chloride was
applied to the entire surface of the actuator piece. This resulted in a transparent piece of PVDF
with only the pattern visible. The area on the small rectangular portion of the leads of the sensor
piece was also etched with the ferric chloride. This allows a window so that the two layers will
be able to be lined up correctly in the tensioning phase.
The final step in the process was to tension the PVDF and to mount it to an aluminum
ring. This was also done similar to the process outlined in Trad (17). The sensor piece was
placed in the tensioning ring first with the pattern facing downward, and the clamps were
tightened two at a time using opposite corners together. The clamps were turned an
approximately 45 degrees each time until none of the clamps could turn any more. It is
important that the tension on this piece of PVDF and the second piece of PVDF is the same.
Therefore, a more accurate method of determining the tension applied to the PVDF needs to be
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identified. After the PVDF was tensioned, the aluminum ring was glued into place using Mbond 610 epoxy. The epoxy was given 72 hours to cure, and then the ring and PVDF were
removed from the tensioning apparatus. The excess PVDF material was trimmed away so that
only the leads remained outside of the aluminum ring. Finally, the actuator piece was put into
the tensioning ring. The copper colored pattern was on the top and was clearly visible. The
PVDF was tightened in the same manner as before taking great care to apply the same amount of
tension. The surface of the PVDF was brushed with the epoxy and the aluminum ring with the
sensor sheet was placed on the actuator sheet. The leads of the sensor sheet were lined up
carefully with the leads of the actuator sheet by looking through the "windows" that were
previously etched. This had to be done quickly because the epoxy tended to dry quickly. This
setup was then given 72 hours to cure. After the curing process was done, the finished mirror
was removed from the tensioning apparatus and the excess PVDF material was trimmed from the
actuator layer.
The mirror would normally be coated with a silicon substrate as was outlined in Trad
(17). This was not done in order to save time. However, it was later determined the layer of
silicon was required for out-of-plane motion. In a unimorph design, the out-of-plane motion is a
result of the PVDF layer being offset from the neutral axis of the mirror. The silicon layer
establishes the neutral axis and is therefore required for out-of-plane motion. Because of this the
mirror constructed by Trad (17) labeled 7-patchA was used for the laser vibrometer test.
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3.4 Testing

3.4.1 Test Overview

The testing of the 7-patch two-layer mirror consisted of actuation with all seven of the
patches individually. The first test measured the surface displacement using a scanning laser
vibrometer. The objective of this test was to determine which of the two previously mentioned
equations corresponded best to the experimental data. The purpose of the patch input test was to
determine the frequency response function (FRF) for the mirror surface based on the voltage
applied across the patches. The final objective was to develop a state-space model of the system
relating voltage across the input patches to voltage out of the patches.
3.4.2 Laser Vibrometer test

The laser vibrometer test consisted of actuating the patches with a voltage source and
measuring the surface deflection with a scanning laser vibrometer. The mirror was placed on
two steel bars suspended by the tensioning ring as shown in Figure 17.
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Figure 17: Test Setup for Laser Vibrometer Test

The scanning laser vibrometer was then pointed down at the mirror. A pattern was created that
outlined one of the patches. This pattern was then rotated around for successive test so that the
FRF for each of the patches, with voltage across one of the patches as the input, was calculated.
The results of this test are discussed in section 3.5.

3.4.3 Patch Output

The patch input test was conducted in the same manner as the laser vibrometer test except
that the measured output was taken from the patches. This test used a computer equipped with
SignalCalc. This is a software program that can generate a signal for an input and accept
multiple output signals. It can then calculate FRF’s based on these signals. The signal generator
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from the SignalCalc computer was connected to patch one for the first test. Figure 18 shows a
diagram of the 7-patch mirror configuration.

Figure 18: Layout of 7-Patch Mirror Showing Location of Each Patch

The input signal was then moved to each of the different patches successively so that an FRF for
each input could be generated. The results from these tests were not what was expected and are
discussed in the following section. Because of this the final step of developing a state-space
model was not completed.
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3.5 Results

3.5.1 Results Overview

With each of the tests previously described, an FRF relating input to each of the patches
as output was obtained. The results from the laser vibrometer test proved very successful and
were useful in comparing the experimental value with the predicted values from the two
equations. The patch output test did not turn out as expected. Some possible reasons for this are
discussed. The conclusions drawn from these tests are discussed in Chapter six.

3.5.2 Discussion of Results

The laser vibrometer was able to measure the FRF of each of the patches with respect to a
single patch input. One of these FRF’s is shown below.
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Figure 19: FRF, Patch 6 input, Patch 6 output

The measured natural frequencies are given in Table 5.
Table 5: Measured Natural Frequencies (Hz)

m\n
0
1
2

1
76
88
114

2
120
132
154

3
170
192
198

4
208
N/A
N/A

These values were then compared to the predicted values given earlier. The percent difference
between the values is given in Table 6 for the plate equation and in Table 7 for the membrane
equation.
Table 6: Percent Difference Between Measured and Predicted Frequencies (plate equation)

m\n
0
1
2

1
0
21.91
20.78

2
22.19
33.68
34.72

3
27.61
30.32
39.31

4
35.95
N/A
N/A

Table 7: Percent Difference Between Measured and Predicted Frequencies (membrane equation)

m\n
0
1
2

1
0
31.66
34.96

2
36.99
50.72
53.34

3
46.67
50.44
59.88

4
56.71
N/A
N/A

As can be seen from the previous tables the plate equation predicts the natural frequencies more
accurately than the membrane equation. The vibrational mode shapes were also compared to the
experimental mode shapes. The experimental mode shapes were determined by actuating the
mirror with an acoustic source and measuring the displacement of a grid of points with the laser
vibrometer. The grid that was set up has 36 angular grid points and 8 radial grid points for each
angular point. The individual displacement for each of these points was measured and the results
were read into Matlab. Matlab was then used to interpolate the results so that the experimental
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grid and the theoretical grid matched each other. The data was then normalized by dividing the
entire grid by the maximum value in the grid. The theoretical mode shapes calculated earlier
were normalized and subtracted from the normalized experimental result. The results from two
of these comparisons are given below.

Figure 20: Difference Between Predicted Shape and Experimental Shape (plate equation, m=0, n=1)
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Figure 21: Difference Between Predicted Shape and Experimental Shape (membrane equation, m=0, n=1)

The average difference for the plate equation, when compared to experimental data, is equal to
0.052 and the average difference for the membrane equation is 0.046. This average value was
calculated by simply adding up the difference over all of the points and dividing by the total
number of points. The same procedure was done for the m=2, n=1 mode and the results are
presented below.
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Figure 22: Difference Between Predicted Shape and Experimental Shape (plate equation, m=2, n=1)
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Figure 23: Difference Between Predicted Shape and Experimental Shape (membrane equation, m=2, n=1)

The predicted mode shapes shown above differed in phase from the experimental shape. This
accounts for the areas in the plots where the difference gets large. The lines that are visible in
the previous figures as well as the figures for the m=0,n=1 mode are a consequence of the
conversion from polar coordinates to Cartesian coordinates. These are not actually in the data.
Overall, the average difference for the plate equation is 0.185 and the average difference for the
membrane equation is 0.216. These values show that the both predicted mode shapes are close
to the experimental mode shape. However, the prediction for the natural frequencies is much
better for the plate equation than the membrane equation. The actual equation governing the
dynamics of the mirror is likely some combination of both of these equations.
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The patch output test yielded far worse results. Figure 24 shows a typical result for the
FRF relating the voltage into a patch with the voltage out of a patch.

Figure 24: FRF Result From Patch Output Test

It was determined that the primary reason for the discrepancies in this plot is due to the voltage
dissipation. The voltage created from a strain in the PVDF material dissipates very rapidly and
therefore the voltage response does not track well with a sine wave at low frequencies. This is
shown in Figure 25 and Figure 26.
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Figure 25: Time Response Showing Output to Five Heartz Sine Wave Input

Figure 26: Time Response to Five Heartz Sine Wave (zoom view)

Figure 27 and Figure 28 show the same response to a 10-Hz sine wave.
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Figure 27: Time Response to 10 Hz Sine Wave

Figure 28: Time Response to 10 Hz Sine Wave (zoom view)
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It can be seen from these graphs that the voltage on the patches does not approximate the input
voltage well. This causes the response at the natural frequencies to be effectively damped due to
the fact that the voltage response cannot resonate at that frequency since it cannot even
approximate a sine wave at that frequency. As the frequency of the input signal increases, the
output signal more closely resembles the input sine wave as can be seen from the following
figures.

Figure 29: Time Response to a 200-Hz Sine Wave
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Figure 30: Time Response to 200-Hz Sine Wave (zoom view)

Because of this voltage dissipation phenomena, a new design of the circuit used to measure the
voltage on the patches would have to be implemented in order to use the patches as sensors to
detect surface deflection.
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IV. Development of 61-Patch Mirror

4.1 Overview

With just seven sensors used to measure the surface deflection, the accuracy of the
measured surface deflection does not correspond well to a Zernike decomposition. Jiang, Ling,
Rao, and Shi give a formula to determine the minimum number of actuators required to
distinguish a certain Zernike polynomial (8).

NL =

π
4

(n − m + 2) 2

(30)

NL is the number of actuators required. The variables “m” and “n” describe the specific Zernike
polynomial, where “m” designates the azimuthal frequency and “n” designates the radial degree.
Table 8 shows a pictorial representation of the Zernike polynomials.
Table 8: Pictorial Representation of Zernike Polynomials (13)
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According to the formula given earlier, a 7-patch mirror will be capable of representing all of the
terms in which “n” is equal to “m”. None of the other Zernike polynomials will be able to be
represented accurately by using a 7-patch mirror. Because of this, a new design is needed if the
patches are to be used for sensing and representing the surface. Part of the focus of this research
was to develop a 61-patch actuator mirror. The value of 61 was selected in order to correspond
to a mirror purchased from AgilOptics that can be used in later work for comparison.

4.2 Control Pattern Design

The control pattern is composed of a central patch with five concentric rings (see Figure
31).

Figure 31: 61-Patch Mirror Design
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The first four rings are the actual patches that will be used for sensing or actuating the surface.
The outer ring is composed of the leads that will be connected to either the voltage input or to the
data acquisition system. The center patch does not have a lead so a wire will have to be
connected to it directly for it to be used. This was done to ease in the construction of the pattern
mask that will be discussed later. The center patch has a radius of 0.0938 in. The first ring of
patches consists of 6 patches each occupying a 55° extent with 5° spacing between them. The
inner radius of this ring is 0.1321 in. and the outer radius is 0.3125 in. The second ring holds 12
patches with each one covering 25° with 5° spacing between each one. The inner radius is equal
to 0.3437 in., and the outer radius is equal to 0.5312 in. The third ring has 18 total patches.
Each of these has 5° spacing between patches while the patch itself takes up 15°. The inner
radius of this ring is 0.5624 in., and the outer radius is 0.7499 in. The last of the rings that is
used for actual manipulation of the surface is the fourth ring. It contains 24 patches each spaced
3° apart and covering 12°. The inner and outer radii of this ring are 0.7811 in. and 0.9843 in.
respectively. The final ring is used to hold the leads. This ring contains 60 patches that cover 4°
and are separated by 2°. The inner radius of this ring is 1.325 in., and the outer radius is 1.5 in.
The first step in transferring the pattern to a piece of PVDF material is to generate a mask
that will allow light to pass through to the mirror wherever there is not a patch or a lead. This
was done by a company called Bandwidth Foundry. The mask is a glass substrate with the
pattern etched onto it so that light will not pass through in those areas. Figure 32 shows a picture
of the mask that was used.
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Figure 32: Mask Used For Transferring Pattern to PVDF

4.3 Fabrication Process

To start the fabrication process, a 4-in. diameter circle of PVDF material is cut out. The
piece of PVDF material must have a maximum diameter of 4-in. because of limitations in the
equipment available. The one-direction is marked with two small lines parallel to the onedirection on the right side and one small parallel line on the left side. These marks are made on
the negative side of the PVDF. These marks will ensure that the mirror will later be able to be
oriented in the same direction for each test. After the piece of PVDF is prepared, it is taken to
the clean room to continue with the fabrication process. The first step is to coat a 4-in. silicon
wafer with photo-resist. This is done by spinning and applying a small amount of photo-resist to
the center of the wafer. The spinning action will cause the photo-resist to be spread evenly over
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the entire wafer. Once the wafer is coated the PVDF material is placed on the wafer with the
positive side facing up. The wafer with the PVDF material on it is then placed on a hot plate
heated to 60° C. This will cause the photo-resist to harden, and it will act like a bond between
the wafer and the PVDF. Once the PVDF is sufficiently bonded to the wafer the wafer is again
put on the spinning apparatus and more photo-resist is applied to the positive side of the PVDF
material. Again, this layer of photo-resist is spread evenly over the entire PVDF. The wafer is
then placed on the hot plate again to cure the photo-resist. This is done for approximately 10
minutes. After this is done, the wafer is placed in the wafer mask aligner and the mask is placed
on top of it so that the PVDF is between the wafer and the mask. The mask aligner has an
aperture of 4-in. This is what creates the limitation on the size of the mirror. With different
equipment, there is no limitation on the size of the mirror that can be manufactured. Figure 33
shows a picture of the mask aligner.
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Figure 33: Wafer Mask Aligner

Great care must be taken in order to line up the mask with the aperture of the mask aligner. If it
is not lined up so that ultra-violet light shines on the entire mask the process will have to be
repeated. Once everything is lined up correctly the PVDF is exposed to UV light. This causes
the photo-resist on the exposed areas to be subject to a developer while the areas that are not
exposed will not be subject to the developer. After the exposure the wafer is taken out of the
mask aligner and is washed in a developer bath. The developer removes the photo-resist from
those areas that were exposed to the UV light. This will take 3-5 minutes.
When the sample is fully developed it can then be etched using the ferric chloride
mentioned earlier. The entire positive surface is etched with the ferric chloride. This was done
by coating the entire surface with ferric chloride and then washing it off with water in order to
stop the reaction. The sample is then taken back to the clean room and is treated with acetone to
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remove the photo-resist. The sample needs to be submersed in acetone in order to remove the
PVDF from the plate. The negative side of the PVDF is then etched with the ferric chloride in
order to provide for an even surface. The sample is now ready for tensioning and mounting.

4.4 Tensioning and Mounting

In order to tension such a small specimen, a new method needs to be devised. This is
accomplished by cutting a 14 in. by 14 in. piece of PVDF material. A circle of diameter 4.25 in.
is then cut out of the center of this piece of PVDF material. The etched piece of material is then
taped into the center of this hole using masking tape, taking care to ensure that it is exactly
centered. The large piece of PVDF is placed in the tensioning apparatus as described previously
and the tensioning is done the same way as one layer of the two-layer mirror was done.
The next step is to epoxy the mounting ring to the surface. The mounting ring
had to be redesigned in order to accommodate the reduced size of the mirror. This was done by
taking the original design and scaling it so that it would fit the new mirror. Figure 34 shows the
new design of the aluminum ring.
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Figure 34: Aluminum Ring Design for 3-in. Mirror

The ring was epoxied to the surface of the PVDF in the same manner as previously described for
the larger ring. The only difference was that the epoxy in the grooves did not take as long to set.
So the ring was placed on the PVDF only 20 minutes after the epoxy was put into the grooves.
The final step in the manufacturing process is to coat the mirror with silicon and a thin layer of
gold. This is done exactly as is outlined by Trad (17). Figure 35 shows the final mirror before
silicon coating is applied.
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Figure 35: 61-Patch Mirror Without Silicon Coating
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V. Testing of 61-Patch Mirror

5.1 Overview

The testing on the 61-patch mirror was done similar to the two-layer mirror described
earlier. The difference is that the only input used was an acoustic source. This was because the
objective was mainly to validate the fabrication process mentioned previously as opposed to
showing the deformation caused by actuation through the patches. A test using the SignalCalc
data acquisition system was performed as well as a test using the laser vibrometer as the data
acquisition system. The results of these two tests were compared.

5.2 Patch Measurement Test

The input source which was chosen for this test was a speaker manufactured by HiVi
research. The model that was used was the F6 model. Table 9 shows the operational parameters
of this speaker.
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Table 9: Operational Parameters for Acoustic Source (16)

Nominal Impedance (Z)(Ω) :
Resonance Frequency (Fs)(Hz) :
Nominal Power Handling (Pnom)(W) :
Max Power Handling (Pmax)(W) :
Sensitivity (2.83v/1m)(dB) :
Weight (M)(Kg) :
VC Diameter (mm) :
DC (Re)(Ω) :
VC Length (H)(mm) :
VC Former :
VC Frame :
Magnet System :
Magnet Former :
Force Factor (BL)(TM) :
Gap Height (He)(mm) :
Linear Excursion (Xmax)(mm) :
Suspension Compliance (Cms)(uM/N) :
Mechanical Q (Qms) :
Electrical Q (Qes) :
Total Q (Qts) :
Moving Mass (Mms)(g) :
Effective Piston Area (Sd)(m2) :
Equivalent Air Volume (Vas)(L) :
Cabinet Type :
Recommended Box Volume(Vb)(L) :
Tuning Frequency(Fb)(Hz) :
-3dB Cut-Off Frequency(F3)(Hz) :

8
45
45
90
88
2.1
25
6.5
14.5
SV
Kapton
Shielded
Ferrite
9.0
6.0
4.3
658
3.91
0.38
0.35
18.3
0.0139
16.4
Vented
15
45
42

The data acquisition system used for this first test was the SignalCalc computer described earlier.
There were not enough leads to measure all of the patches at once. Therefore, three different
tests were run, measuring 8 patches each time. Figure 36 shows which patches were measured as
well as the numbering scheme used to refer to the patches. Patches 2, 8, 20, 38, 5, 14, 29, and 50
correspond to the one-direction of the material.
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Figure 36: Patches Measured During Test

The first test was done measuring one radial direction corresponding to the one-direction and
measuring one radial direction not parallel with the one-direction. One thing that was noticed
during the test was that the FRF’s measured off the patches aligned with the one-direction were
much clearer than the response from the other patches. Figure 37-Figure 40 show the results
broken up by concentric ring. The difference in measured FRF was clear for rings 1-3 but not as
clear for the fourth ring. This could have been because the data in general was poor for the
fourth ring because it was right up against the edge of the mirror.
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Figure 37: Comparison of One-Direction with Another Direction - First Ring

Figure 38: Comparison of One-Direction with Another Direction - Second Circle
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Figure 39: Comparison of One-Direction with Another Direction - Third Circle

Figure 40: Comparison of One-Direction with Another Direction - Fourth Circle
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The first two vibrational modes were determined from the FRF’s that were calculated. These
modes were found at 140 Hz and 260 Hz. One difficulty that was encountered was that each test
registered a large spike at 60 Hz and subsequent smaller spikes at multiples of 60 Hz. These
were obviously caused by the lighting in the room operating at 60 Hz and were discounted. They
often corrupted the data and multiple tests had to be run in order to get good data. The following
figures show the FRF’s for two radial directions parallel to the one-direction and for another of
the radial directions. Please see Appendix B for all of the results from this test.

Figure 41: FRF’s for Patches 2, 8, 20, and 38
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Figure 42: FRF's for Patches 5, 14, 29, and 50

Figure 43: FRF's for Patches 3, 10, 23, and 42
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It is apparent from these plots that there is a similar voltage dissipation issue with this mirror as
well. The magnitude of the values over 300 Hz are very similar to the values shown from the 7patch mirror earlier.
5.3 Laser Vibrometer Test

The second test performed on the 61-patch mirror was to use the same acoustic input
device but measure the FRF using a scanning laser vibrometer. The test was set up in the same
way that the laser vibrometer test conducted by Trad (17) was set up (see Figure 44 and Figure
45).

Figure 44: Laser Vibrometer Test Setup
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Figure 45: Close-Up of Mirror in Laser Vibrometer Test Setup

The test results showed different values for the first two modes. This is because during the laser
vibrometer test the mirror was clamped down using the tensioning apparatus while it was sitting
free with nothing holding it down during the patch response test. This clamping could be enough
to move the first mode from 140 Hz to 170 Hz and to move the second mode from 260 Hz to 302
Hz. Figure 46 shows the comparison of the two FRF’s.
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Figure 46: Comparison of FRF's From Two Tests

Another difference between the two tests that was not accounted for was the fact that the laser
vibrometer test measured the movement of the entire surface as a whole while the patch tests
measure the movement of each of the patches individually. One area for future study would be
to set up a grid using the laser vibrometer that only measures one patch at a time and compare
the results to the results from the patch test. The conclusions drawn from this test will be
discussed in the next chapter.
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VI. Conclusion and Recommendations

6.1 Overview of Experiment

This research contained the development of a method to sense the surface deflection of a
deformable mirror using the PVDF material as a sensing mechanism. An overview of the
experiments on a two-layer mirror as well as the experiments on a 61-patch mirror is provided.

6.1.1 Sensing Method

A new sensing method to determine the surface deflection was developed. This consisted
of fabricating a two-layer mirror and using the top layer to measure voltages from the patches on
the mirror. The second layer was used as a means of actuation. An outline of a control scheme
involving a state-space representation of the mirror as well as a method of converting voltages to
Zernike coefficients is presented. The mirror was subjected to tests using a scanning laser
vibrometer to measure displacement as well as using the PVDF material as a method for
measuring voltage. Results from these tests are also presented.

6.1.2 Development of 61-Patch Mirror

Because more actuators/sensors are required in order to sufficiently achieve desired
Zernike shapes, a new design had to be developed. The methods used to manufacture a 61patch, 2-in. diameter mirror are discussed. This includes the design of the control pattern as well
as the fabrication steps.
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6.1.3 Testing of 61-Patch Mirror

The results of two different test conducted on the 61-patch mirror are presented. The first
of these is a test measuring the voltage coming from various patches under the influence of an
acoustic source. The second of these is a test measuring the surface deflection using a scanning
laser vibrometer. A comparison between these two tests is presented and possible reasons for
differences are given.

6.2 Conclusions Drawn

6.2.1 Sensing Method

The plate equation showed slightly better results when compared with the measured
values than the membrane equation. The predicted modes were closer but there was no
noticeable difference in the mode shapes themselves. The actual equation governing the
dynamics of the deformable mirror is a combination of these two equations.
The method developed for measuring voltages off the patches in order to develop a statespace model did not give the anticipated results. This was determined to be because of the
dissipation of the voltage from the patches. This caused the response from the patches to not be
able to track a sine wave at low frequencies. More testing needs to be done to characterize this
effect.

6.2.2 Development of 61-Patch Mirror

This process contributed the most value to the development of deformable mirrors.
Before this method was developed, researchers at AFIT had only been able to manufacture a
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seven patch mirror due to a practical limit introduced by hand-etched patterns. The method
developed through this research worked extremely well in transferring a higher density control
pattern to the PVDF material. Great care was taken to ensure that the process used was
repeatable. It was determined that a better method of ensuring the alignment of the wafer with
the ultraviolet light aperture is required. This is the only part of this fabrication process that
requires further improvement.

6.2.3 Testing of 61-Patch Mirror

The testing process for the 61-patch mirror proved to be more difficult than the testing of
the two-layer mirror. The two tests conducted did not properly line up for a number of different
reasons. Overall, this test showed that the fabrication method discussed previously was valid.
The voltage dissipation issue was evident here as well so measuring the voltages as a way to
determine surface deflection would not be valid for this mirror either without a new design of the
measurement method. Therefore, more work needs to be done in this area to properly
characterize these sensors.

6.3 Areas for Further Development

This research opened up many possible areas for future study. It is the author’s desire
that these topics will be explored further in the future.
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6.3.1 Sensing Method

This area provided the most room for improvement. The equations governing the
displacement of the mirror need to be determined so that they match with experimental values.
Once this is done, a control scheme such as dynamic inversion can be easily implemented.
The measuring of the FRF’s from the patches also requires a lot of work. First of all, a
method for negating the effects of the voltage dissipation needs to be implemented. Additionally
new designs for the patch configuration could be tried so that there is more cross-talk between
patches. Perhaps a four-layer design such as that proposed by Lee, Elliot, and Gardonio needs to
be considered (9). There are other designs that could be tried such as not aligning the two layers
exactly but offsetting them by some angle. These designs all need to be explored in order for a
valid state-space model to be calculated from the patches.
6.3.2 61-Patch Mirror

There are a number of areas that are available for future research in developing smaller
actuator patterns. The first of these is possible changing the actuator shape and placement. It
was noted during the course of testing that those patches that were aligned with the one-direction
of the material produced clearer output than the other patches. Perhaps a pattern that utilizes
rectangular patches all aligned with the one-direction of the material would be more useful than
the pattern developed through this research.
The second area for future research is better characterization of the patches as sensors.
The largest area for further research in this area is also a better characterization of the dissipation
of voltage from the patches. This is true for any sensing using the PVDF material and is the
most important take-away from this research.
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6.4 Summary

This project consists of the development of a sensing method for sensing surface
displacement of deformable mirrors, the design of a 61-patch mirror and the testing of the same
61-patch mirror. All relevant details concerning these three areas have been presented and
discussed. This research has made significant advances in the area of manufacturing deformable
membrane mirrors.
This development has brought within reach closed loop control of a deformable mirror.
This is a critical step in the development of large aperture space telescopes, which are the future
of the US space surveillance program.
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Appendix A: Matlab Code for Generating Mode Shapes

A.1 Plate Equation Mode Shapes
r_max=1; % radius of mirror in inches
h_r=0.005; % distance between circumferential grid points in inches
h_theta=pi/(4*36); % distance between radial grid points in radians
r_vector=0:h_r:r_max;
theta_vector=0:h_theta:350*pi/180;
r_vector=r_vector';
theta_matI=repmat(theta_vector,size(r_vector,1),1);
r_matI=repmat(r_vector,1,size(theta_vector,2));
p=size(r_vector,1);
m=size(theta_vector,2);
%
BETA=[3.196 6.306 9.439 12.58;4.611 7.799 10.96 14.11;5.906 9.197 12.4
15.58;7.144 10.54 13.79 17.01];
n=0;
beta=BETA(n+1,1);
wc_nm=(besseli(n,beta)*besselj(n,beta*r_mat)besselj(n,beta)*besseli(n,beta*r_mat)).*cos(n*theta_mat);
ws_nm=(besseli(n,beta)*besselj(n,beta*r_mat)besselj(n,beta)*besseli(n,beta*r_mat)).*sin(n*theta_mat);
%
x=-r_max:h_r:r_max;
y=-r_max:h_r:r_max;
for j=1:size(y,2)
for i=1:size(x,2)
r=(x(i)^2+y(j)^2)^0.5;
theta=atan2(y(j),x(i));
if theta<0
theta=theta+2*pi;
end
if r>r_max
wc_nm_cart(i,j)=0;
ws_nm_cart(i,j)=0;
elseif round((r/r_max)*p)==0 & round((theta/(2*pi))*m)==0
wc_nm_cart(i,j)=wc_nm(1,1);
ws_nm_cart(i,j)=ws_nm(1,1);
elseif round((theta/(2*pi))*m)==0;
wc_nm_cart(i,j)=wc_nm(round((r/r_max)*p),1);
ws_nm_cart(i,j)=ws_nm(round((r/r_max)*p),1);
elseif round((r/r_max)*p)==0
wc_nm_cart(i,j)=wc_nm(1,round((theta/(2*pi))*m));
ws_nm_cart(i,j)=ws_nm(1,round((theta/(2*pi))*m));
else
wc_nm_cart(i,j)=wc_nm(round((r/r_max)*p),round((theta/(2*pi))*m));
ws_nm_cart(i,j)=ws_nm(round((r/r_max)*p),round((theta/(2*pi))*m));
end
end
end
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A.2 Membrane Equation Mode Shapes
r_max=1; % radius of mirror in inches
h_r=0.005; % distance between circumferential grid points in inches
h_theta=pi/(4*36); % distance between radial grid points in radians
r_vector=0:h_r:r_max;
theta_vector=0:h_theta:2*pi;
r_vector=r_vector';
theta_mat=repmat(theta_vector,size(r_vector,1),1);
r_mat=repmat(r_vector,1,size(theta_vector,2));
p=size(r_vector,1);
m=size(theta_vector,2);
%
BETA=[2.4048 5.5201 8.654 11.791;3.8317 7.0153 10.173 13.324;5.1355 8.417
11.62 14.796;6.3799 9.761 13.015 16.224];
n=3;
beta=BETA(n+1,4);
wc_nm=(besselj(n,beta*r_mat)).*cos(n*theta_mat);
ws_nm=(besselj(n,beta*r_mat)).*sin(n*theta_mat);
%
x=-r_max:h_r:r_max;
y=-r_max:h_r:r_max;
for j=1:size(y,2)
for i=1:size(x,2)
r=(x(i)^2+y(j)^2)^0.5;
theta=atan2(y(j),x(i));
if theta<0
theta=theta+2*pi;
end
if r>r_max
wc_nm_cart(i,j)=0;
ws_nm_cart(i,j)=0;
elseif round((r/r_max)*p)==0 & round((theta/(2*pi))*m)==0
wc_nm_cart(i,j)=wc_nm(1,1);
ws_nm_cart(i,j)=ws_nm(1,1);
elseif round((theta/(2*pi))*m)==0;
wc_nm_cart(i,j)=wc_nm(round((r/r_max)*p),1);
ws_nm_cart(i,j)=ws_nm(round((r/r_max)*p),1);
elseif round((r/r_max)*p)==0
wc_nm_cart(i,j)=wc_nm(1,round((theta/(2*pi))*m));
ws_nm_cart(i,j)=ws_nm(1,round((theta/(2*pi))*m));
else
wc_nm_cart(i,j)=wc_nm(round((r/r_max)*p),round((theta/(2*pi))*m));
ws_nm_cart(i,j)=ws_nm(round((r/r_max)*p),round((theta/(2*pi))*m));
end
end
end
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Appendix B: Additional Plots

Figure 47: FRF’s for Patches 4, 12, 26, and 46

Figure 48: FRF’s for Patches 6, 16, 32, and 54
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Figure 49: FRF’s for Patches 7, 18, 35, and 58
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